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Abstract. The problem of packing a given set of freely translated and rotated convex
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perimeter convex hull) is introduced. A mathematical model of the problem using the
phi-function technique is provided. Problem instances with up to 6 convex polygons are
solved by the global NLP solver BARON to get a minimum-perimeter convex hull.
Numerical experiments for larger instances are reported using the local NLP solver
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1 INTRODUCTION

Finding a convex hull for a given number of polygons fixed w.r.t. to position and
orientation is a classical problem in computational geometry (Preparata 1985; Avis
1997; Thomas, 2001) and has important applications in packing and cutting,
manufacturing, operations research, mechanics, chemistry (DeBerg, 2008; Scheithauer,
2018). The applications range from collision detecting in animation to estimating output
of oil wells (DeBerg, 2008), from spatial extent of an epidemic (Dumonteil, 2013) to
path finding in robotics (Scheithauer, 2018). In most applications analyses of several
polygons are substituted by studying a single geometric object (convex hull). Various

efficient solution techniques for this problem have been proposed (Alt, 2015; Yagiura,



2021). The problem becomes more complicated when the polygons are freely translated
and rotated without mutual overlapping of their interiors. In this case different convex
hulls can be constructed depending on the positioning and rotating polygons.
Correspondingly, the problem to find a minimum perimeter (area) convex hull arises
(Alt, 2015, Tang 2006). It can be also interpreted as packing polygonal objects in a
minimal convex container (Kallrath, 2009).
Polynomial solution techniques for minimum-perimeter convex hulls are known for a
few (two or three) polygons (Ahn, 2012) and/or for polygons with limited
translations/rotations (Park, 2016). Numerical techniques for packing two freely
translated and rotated irregular objects in a minimal polygonal container with a limited
number of vertices were proposed in (Bennel 2015). Solution methods for finding a
minimal perimeter convex hull of an arbitrary number of disks were considered in
(Kallrath, 2019) with analytical solutions obtained for 3 disks. In (Kallrath, 2018) the
minimal surface convex hull problem for spheres was studied numerically and
analytically.
In this paper the problem of packing freely translated and rotated convex polygons in a
minimum perimeter convex polygonal container is considered. The maximal number of
vertices of the container is fixed, however the shape of the container is not specified and
is defined to minimize the perimeter. More specifically, the problem is as follows: find
a minimum-perimeter convex m-gon (polygon with at most m vertices) containing all
given convex polygons (objects) without overlapping. Note that if mis sufficiently
large (at least the total number of vertices of all polygons), the minimal perimeter m -
gon provides a minimal convex hull of the polygons.
The main contributions of the paper are as follows:
e The problem of packing a given set of freely translated and rotated convex
polygons in a minimum-perimeter convex m -gon is introduced.
e Analytical tools to state placement conditions for variable polygonal shape
domain are presented, using the phi-function technique.
¢ A nonlinear optimization problem is formulated for packing convex polygons in
a minimal perimeter convex polygonal container using the phi-function

technique.



e A number of problem instances (with up to 6 convex polygons) are solved to
optimality by the global optimizer BARON (Tawarmalani & Sahinidis, 2005)
and can be used as the benchmark problems for further research.

e Numerical experiments for larger instances are reported.

The rest of the paper is organized as follows. Section 2 presents the problem
formulation. Analytical tools to state placement conditions are given in Section 3, while
two mathematical models, using phi-functions and quasi phi-functions, are provided in
the next section. In Section 5 the main details of the mathematical models are illustrated
for the case of two triangular objects. Computational results are discussed in Section 6,
while Section 7 concludes. Comments on an analytical solution for the case of two

triangles are presented in Appendix.

2 PROBLEM FORMULATION

Objects. Let a collection of convex polygons Ay, qel, ={1,....n} be given. Each

convex polygon Aq is defined by its vertices ﬁqi = (fcqi, yq,.), i=1,..., mg, in the local

coordinate system and Aq ={(x, y):(pq,.(x, y)<0,i= 1,...,mq}, where (pqi(fc, y)=0
. . . ~ A = ~ ~2 52 _

for i = 1,...,mq , are equations of its sides, (pqi(x, y) = Ocqix+[3qiy+yqi, Oy +qu =1

The location and orientation of A, is defined by a variable vector of its placement

parameters (x 0 q) . The translation of Aq by the vector v q= (x )ER2 and the

q’yq’ Q’yq

rotation of A, by the angle 6,€[0,2n) is defined by A, (v,,0,)=
={te R2:t=vq+M(eq)Z,vEe A,(0,0,0)}, where A,(0,0,0) denotes the non-

cos®, sinB,
translated and non-rotated polygon A, and M 0,)= is the

—sin0 g ©Os 0 q
rotation matrix.
Each point f =()~c,§)e Aq(0,0,0) in the local coordinate system of Aq is

transformed into a point(x,y) given a translation of (x ) and rotated by an angle

q°Vq

6, as follows:
x=x-cos0,+y-sinf,+x,, y=—x-sinf, +y-cosf,+y,.

Each straight line



E={(x,y)e R?|dx+By+7=0a"+87 =1)

is transformed into the straight line L ={(x, y)e R? |a’x +By+y=0},
where a=@-0050q+%’-sin9q, ﬂz—@-sin0q+%-cosﬁq, 7=7/—0{-xq—,6’-yq,

6, is arotation parameter, (x

4 ) is a translation vector Aq.

7 Yq
Container. Define a collection of line segments e; , k =1,..., m, considered in the fixed

coordinate system OXY . Each line segment ¢, is given by the variable vector
where @y, =(x{, y¢) is an initial vertex, t, is a variable length and @, is a variable

rotation angle of e, with respect to OX axis (see Fig.1).

E
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Fig. 1 A collection of line segments ¢; , k =1,...,m

The vector of all variables of the collection of m line segments is denoted by

p:(x]?)’y]go’®k,tk,k:1,2,...,m).

The objective is to find an arrangement of the line segments e; , k =1,...,m, that form

a minimum perimeter convex polygon having at most m vertices and containing the

collection of convex polygons A,, g€ 1,.



The following restrictions on the arrangement of the segments e, , k =1,...,m have to

be taken into account:

a cycle configuration condition
Xion = XK 108 O, yiy = v 1y sin @, (2)
for k=1,...,m, xnafﬂ :xlw, yna;“ =y1w;
Further the domain bounded by the line segments ¢; , kK =1,...,m and satisfying

conditions (1)-(2) is denoted by Q (see Fig. 2).
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Fig. 2 Domain Q of the variable vector p = (x,?, y,?, O, 1. k=12,...,5): convex m-

gon of variable edges e , k=1,...,m=5

A domain Q with the variable metrical characteristics p defined above is called a
variable container € =Q(p) for the collection of moving convex polygons A,
qel,,.

The optimization problem is considered in the following setting.

Problem. Find the minimal perimeter container Q(p*) with at most m vertices for the
collection of non-overlapping convex polygons Ags qel,.

Remark. Note that the problem above is considered for a fixed m. The minimal
perimeter container with at most m vertices in general does not provide a convex hull of

the polygons. However, if m is sufficiently large (greater or iqual to the sum of m, for



all geI,), then the minimal perimeter polygonal container is a minimal perimeter

convex hull.

The following placement constraints have to be fulfilled:

non-overlapping of each pair of convex polygons A, (u,)and A, (u,),ie.,
intAq(uq)ﬂintAg(ug)=® forg<gel,, 3)

containment of each convex polygon A q (u q) into Q(p), i.e.,
Aq(uq)cQ(p)c)intAq(uq)ﬂQ (p)=9 for qe1,, 4

where Q" (p)=R?\int Q(p).

To formalize the placement constraints (3)-(4), the phi-function technique is used to

describe analytically relations between a pair of objects.
3 MATHEMATICAL MODELLING

For the reader convenience a few basic defenitions of the phi-function technique are
provided.

Let A be a two-dimensional object. The position of the object A is defined by a
vector of placement parameters u, =(v4,04), where v, =(x4,y4,24) 1S a translation
vector and ©4 is a vector of rotation parametrs. The object A, rotated by 6, and
translated by v, is denoted by A(u ) .

For two objects Au,) and B(up) a phi-function allows distinguishing the
following three cases: b) A(u,) and B(ug) do not overlap, i.e., A(u,) and B(ug) do
not have any common points; ¢) A(u,) and B(up) are in contact, i.e., A(u,) and
B(up) have only common frontier points; a) A(u,) and B(up) are overlapping so that
A(uy) and B(up) have common interior points.

By the definition (Chernov N., Stoyan Yu, Romanova T., 2010) a continuous and
everywhere defined function, denoted by ®*8(u4,up), is called a phi-function of the

objects A(u,) and B(up) if the following conditions are fulfilled:

CI)AB(MA,MB)>0, for A(uy )N Bug)=2 ,



CIDAB(MA,MB)=0, for int A ) Nint Blug) =2 and frA@u )N frBug) 9 ;

DB (u4,up) <0, for int A(u,)Nint Bupg) =@ .

Here frA denotes the boundary (frontier) of the object A, while int A stands for its

interior.

Thus,
cI)AB

(up,ug)20&int A(u)Nint Blug)=9.
Define a function @& 458 (up,up, u’) introducing auxiliary variables u' defined in a

domain U c R" depending on the shapes of the objects A and B. This function is

defined for all values of u 4, up and has to be continuous in all its variables.
By the definition (Stoyan, Yu., Pankratov, A., Romanova, T., 2016) the

function @ 4P (Up,up, u’) is called a quasi-phi-function for two objects A(u 4) and
B(up) if max @48 (uy,up,u’) is a phi-function for the objects.
=

The definition of the quasi-phi-function provides an additional “degree of

freedom” since the auxiliary variables u” can be chosen as necessary.

The general property of the quasi-phi-function for two objects A(u,) and

B(up) is as follows:

if CID'AB(uA,uB,u')ZO for some u”, then int A(u ) Nint Blug)=9.

3.1 Non-overlapping condition

The condition (3) can be stated in twofold: a) using phi-functions; b) using quasi phi-

functions.

Let two convex polygons A, and A, be defined by their vertices v gi = (iqi, y gi)»
i=1,..., my, and ﬁgj = (igj, ygj) , J= 1,...,mg respectively. Placement parameters of

Aq and Ag are denoted by Uy =(xq,yq,6’q) and U, =(xg,yg,6’g).

Phi-function for two convex polygons



The phi-function for two convex polygons Aq (u q) and A, (u,) can be defined

as follows:
qg(uq,u ) = max{ max min (p (uq,u ), max min \|I (uq,ug)},
Isism, 1< j<m g Isjsmg 1<i<m,,
where

lj . ” ’ » ,
Qg ugug) = 00X + B yei + 7y ‘V (”q’”g) “gj qt+|3gqut+7gj’

’

~/
xqi = xqi

~/ . ’ ~/ . ~/
€088, + Vg sinb, +x,, v, ==Xy -sinb, +y,;-cosb, +y,,

”

Xgj =Xgi-CO80, +y,;-sinb, +x Sinf, +yg;-cosb, +y,.

” __%”
g Vg = g

’ ~7 0’ . ’
& =0y -cos@, +f,;-sinb,, B ,=-&, sing, +,3 -cos b,
’ ~/ ~7 o’
7qi = 7qi _aqi “Xg _:qu Vg

. /
ag] Otg -cos g, +,B sinf,, By = —a ;-sind, +,B -cos b,

Vi = Ve =g Xg =By Vg
Therefore @, (u,,u,)20 provides the non-overlapping condition (3),

int A, (u,)Nint A, (ug)=9.
Quasi phi-function for two convex polygons

Let P(qu) ={(x,y) tlgg =COS ¢qg -X+sin ¢qg Y+ Ve <0} be a half plane,

_ 2 . .
where u gz = (¢qg, 7%,)6 R“ 1s a vector of variable parameters of P(u qg) . Here
Hgq =0 is the normal equation of the line with variable coefficients cos @,, , sing,,

and free term ¥, .

The quasi phi-function for Aq (u q) and A g (u g) can be derived in the form



’ _ . P P*
q)qg(uqa ugaqu)_mln{q)q (uqaqu)7q)g (ugaqu)}’ (6)
where

P = 1 . ,. 1 . ,0
@Q(uq,qu)—lggnr; (COS Py Xy +8INPyy - Vyi+ Vo)
- Tq

is the normalized phi-function for Aq (u q) and P(u q g) ,

P* —_ 1 — . < —_— 1 . ” —
Dy (“g’”qg)_lgjl.gz (—COS Py Xgj =SIN Py Vi = Vgg)
—J T8

is the normalized phi-function for Ag (ug) and P*(qu) =R \int P(qu) .
. . , * *
Therefore, the inequality DUy ug,uyy)20 for some wu,, =(9,4,7 )
provides the non-overlapping condition (3), i.e., int Aq (uq) Mint Ag (ug) = . In other
words, if objects int Aq (u q) and int A g (u g) do not overlap then there is always exists

the separation line with the normal equation , (¢; iy 72 ¢)=0.

3.2 Containment conditions

By the definition, A, (u,)cQ(p) if int A, (u,)NQ =@, Q" =R*\intQ. Below a

phi-function CIJQ*A (us,p) for a convex polygon A,(u,) and the object Q*(p) is
presented.

Let ()?'qi, )7'ql~) , i=1,....m,, be the vertices of A, and let ®; =0 be an
equation of the side e =[@y, @] of the container Q, where ®; =P x+BPy+v5,
such that @, (0,0)>0.

The  container  side e, has  its  vertices @, =,y and

@, =(x’+t,cos0O,,y’+1,sin®,), while the coefficients of the side equation are

apf=—sin®,, BY=cos®, and Yy =x"sin®, —y’ cos®, respectively.



The phi-function for a convex polygon A,(u,) and the object Q*(p) can be

stated in the form

* . . ’
P (uq9p)= min min mkql(uq9p)’ (7)
lSkSmlSiqu
where
, N () 4 w._.’ (0]
Gjkq{i _akxqi +Bk Yqi Yk >
and
4 ~/ ~/ . 4 ~/ . ~/
Xgi =Xgi €080, +y,;-sinb, +x,, Ygi =Xgi-sin@,+y,;-cosb, +y,,

i=1,..., m, , are vertices of Aq(uq) .
4 MATHEMATICAL MODEL

Let p=(x{, y{°, 0, t},.... x0, y¥.®,,,1,,) be a vector of variable metrical
characteristics of the container Q, while (uy,...,u,) be a vector of variable placement

parameters of polygons A, for g€ I,,.

4.1 Mathematical model using phi functions
The problem of finding the minimum perimeter container for N convex polygons can

be stated using phi-functions as follows:

min F(u) s.t.ueW (8)

W={ueR%:® ,(u,u,)>0,g<gel,, ® (u,p)=0,qel,. fP)=0}, (9

m
where F(u)= Z t; (the perimeter of Q(p),
i=1

u=p,up,....,u,)= (xlw, yf",@l,tl,...,xf,‘:, yn?,@m,tm,ul,...,un)e RC is a vector of

variables, R? is Euclidean space of o dimension, o =4m+3n (for rotatable
polygons), o =4m+2n (for non-rotatable polygons),
W denotes the corresponding set of feasible solutions (the solution space),

o g8 (u g Ug ) is the phi-function for two convex polygons A q (u q) and A 2 (u 2 ),



Do (U, u,)20 implies int A, (u,)Nint Ay (u,) =9
CIDZ(u q,p) is the phi-function for the convex polygon Aq (u q) and the object

Q"(p), ©,(u,,p)>0 implies A,(u,) CQ(p);

f(p) =0 describes condition (2).
The phi-functions in (9) are composed of max- and min- combinations of
linear and\or non-linear functions including sin- and cos -terms (see (5) and (7)).
As aresult, the set W of feasible solutions is non-convex, leading to many local
extrema. Hence, the problem (8)-(9) is a nonsmooth nonconvex optimization problem.
A feasible region W of the problem (9)-(10) is presented as a union of

subregions W ,s=1,2,...,n. (For example, 7=m 4 +mp for two convex polygons,
where m 4 is the number of vertices of A and mp is the number of vertices of B, in

particular, 7 =6 for two triangles).
This property of the set W comes from the following considerations.

A single inequality
min{y, (), ¥ou),.... ¥, w)} 20
is equivalent to the system of 7 inequalities

Z1w)=0
X2 )20

Zp)=0
From the inequality
max { (), ¥ W),.... ¥p(u)} 20

it follows that at least one of the functions x;(u), ¥, u),..., Xn (u) is non-negative.

n
Since W = U W, the nonsmooth optimization problem (8)-(9) can be reduced

s=1

to the following problem for u = (p, uy,...,u,):



F@')=min{F@u®),s=1,...,n},
where

* .
Fu' )=min F(u) s.t. ue W,.

Clearly, the global optimum solution F (u*) can be obtained and proved by inspecting

and exactly solving all subproblems defined in (11) .
Subproblems (11) are in general nonlinear mathematical programming problems

and they can be solved by standard techniques of local optimization.
4.2 Mathematical model with quasi phi functions

Using the quasi phi-functions the problem of finding the minimum perimeter polygonal

container for n convex polygons can be formulated as the following NLP problem.

The decision variables are as follows:
— p=(x Oty X, 2. ®,,,1,,) is a variable vector of the container Q,
k=1,....m,
—ug =Xy, Ygs Oq) ,q€ I, are vectors of placement parameters of convex
polygons A, (u,) , g€ 1,;
—Uge, q<g€l, are vectors of the auxiliary variables in the quasi phi-
functions CID'qg(uq,ug,qu),q <gel,.

Now the packing problem can be formulated in the following from:

min F(u) s.t. (u,7,p)eW’, (12)

W ={(u,7,p): P, (uyug,u,,)>20,g<ge In,CIDZ(uq,p)ZO, gel,, f(p)=0}, (13)

m
where F(u)= z t; (the perimeter of Q),
i=1

u =(u1,...,un), T:(I/lll,M12,...,ng,...,M(n_l)’n) .

(10)

(1)



P qu)ZO assures the non-overlapping constraint (3) for Aq(uq) and

ggWqttg:
A ug), g<gely;
CIDZ(u q,p) >0 represents the containment constraint (4) for Aq (u q) and Q*, qel,;

f(P) =0 describes constraints (2) for variable sizes of the container Q(p).

The feasible region W given by (13) is defined by a system of non-smooth
inequalities that can be reduced to a system of inequalities with smooth functions. This
can be done due to the specific type of quasi phi-functions (6) and phi-functions for
containment constraints involved in (13).

The model (12)—(13) is a non-convex and continuous nonlinear programming
problem. This is an exact formulation in the sense that it gives all optimal solutions to

the packing problem.

There are number of the problem variables is ¢ =4m+3n+(n—1)n. The model

(12)—(13) involves O(nz) nonlinear inequalities.
5 SOLUTION STRATEGY FOR TWO TRIANGLES

5.1 Solution strategy using phi functions

~/ ~/

Let A and B be two triangles given by their vertices. And let V; = (X, ¥;),
i=1,2,3, denote the vertices of A, and \7’} = ()?';-, 5/}) , j=1,2,3, denote those of B.
The following presentation of the triangles is use: A={(X,y):0,;(x,y)<0,i=1,2,3},
where §;(%,5) =& x+p;y+7:, &> +p* =1, and §; =0 is the normal equation of
the i-th side of A for i=1,2,3;

B={(%7):9,;(x% <0, j=1,2,3}, ;&= x+py+7;, &7 +p7 =1, and
\I!j =0 is the normal equation of the j-thside of B for j=1,2,3.

To break symmetry and degeneration assume that triangle A is fixed and triangle B
can freely be translated and rotated.

The phi-function (5) for the triangles A and B(upg) takes the form:



(I)AB(MB) = max{max min (pij(uB), max min qui(uB)} , (14)
1<i<31<5<3 1<j<31<i<3

where (pl-j(uB)=6c'l-x;-+B'l-y'}+?'i, \pji(uB)=(x'})~c;+[3'}5>;+y'},
Q;i(ug)= (Pi(x;, y;) Y ji(upg) = \Tfj(a,;', B,;’ 'Y/;j) .

To simplify notations, @;; will be used for ¢;;(up) and y ; for Yy ;;(upg).

It follows from (14) that for a fixed u 4

DB (up)20 if

max min @;; 20 (fixed sides of triangle A and variable vertices of triangle B(up),
1<i<3 1<j<3

case 1, Fig. 3a) or max min Yy ji 20 (variable sides of triangle B(upg) and fixed
1<j<3 1<i<3

vertices of triangle A, case 2, Fig. 3b).

~/

b)

Fig. 3 Two cases are meeting in oAB. a) case 1; b) case 2



Moreover,

max min @; 20 if min ¢;; 20 or min @,; 20 or min @3, 20,
1<i<3 1<j<3 1<j<3 1<j<3 1£/<3

max min y ;; 20 if min yy;; 20 or min y,; 20 or min y3; 20,
1<<31<i<3 1<i<3 1<i<3 1<i<3

where

min @, ;20 can be replaced by the system

1<j<3
¢120
?1220 (15)
¢1320

Simililary for the other nonosmoth inequalities min @, ;i20,

1<j<3

min @3; 20, min y;; 20, miny,; 20, miny3; 20 we define the appropriate
1<j<3 1<i<3 <i<3 1<i<3

systems
02120 [93;20 [y 20 Jyy20 |y3;20

©2220, 193,20, Y¥220, 1¥220, 1¥3,20.
02320 (93320 (Y320 [yy320 |w3320

Finally, we have six inequality systems (15)-(20).

Note that for the containment conditions the phi-function (7) is used, therefore

@42 (p)= min min @}, (p),
1<k<m 1<i<3

*
&5 (ug,p)= min min @, (ug,p).
1<k<m 1< <3

Thus for m=my +mpg =6

®;2>0 ;=0

®), 20 ], 20

. 0320 . ®[3 20
P >0 .. and @5¢ >0 4., . (16)

g 20 g 20

Wgy 20 Wgy 20

g3 20 g3 20




Now the problem (8)-(9) for two triangles A and B(upg) with the feasible region

W= Wl UW2 UW3 UW4 UWS UW6
can be reduced to the problem (10)-(11) of the form
% . g%
Fu )=min{F(u” ),s=1,...,6},
Fw')=min Fu) s.t. ue W,

where the objective function to be minimized is simply
6
i=1

u=(pP,ug)=(xp, Y1, 01,t1>--» Xg» Y, Og- 16 ug)€ R is a vector of variables,
0=4m+3=24+3=27 is the number of variables, p = (x;, y;,0;.1;,..., Xg, Y¢. - t¢)
is a vector of variable metrical characteristics of the container Q, ug =(xg, yg,0p) is

a vector of variable placement parameters of triangle B .

Each W, is defined by the system (16) describing the containment constrants

combained with one of the inequality systems of the form (15) describing the non-

overlapping conditions, s=1,2,...,6, and the inequality system f =0 describing

condition (2).

5.2 Solution strategy using quasi phi functions

The quasi phi-function (7) for the triangles A and B(upg) takes the form:

Yyplug,uyg)=min{®h(u,p), ®F (ug,usp)},

where

)2 ) - ) -
Dy(uyp)= 1{1,1%(‘505 Gap-Xa; +SinPap-Ta; +Vap)
YA



is the normalized phi-function for A and B(u 4p),

P : ” : ”
@y (up,upp)= 113]!33(— COSPap-Xp; —SInPup-Yp; =¥ aB)

Therefore for describing the non-overlapping condition, the nonsmooth inequality
Dypup.usp)20
is reduced equivalently to the following system of six inequalities with smooth

functions

cOS Pup - X11+SinPup - ¥i1+Vap 20
COSPup - X1p+8inPap- Yo+ ¥ap 20
cOSPpp - Xj3+sinPap-¥i3+7ap 20
—COS Pap X3 —SinPap Y51 —Vap 20
—COSPup X2 —Sin@pp -V —Vap 20
—COS Pap X33 —SinPap-¥33—Yap 20

Note that for describing the containment conditions the system (16) with 36 inequalities

is used:

;=0
), 20
0320
;20
[, 20
®]3 20

g 20
gy 20
g3 20
g 20
Wgp 20
g3 20

Now the packing problem of two triangles for m=m,  +mpg =6 can be formulated as

the following nonlinear optimization problem:



6
max Y 1; st (ug,usp,p)eWw’,
i=1

W' ={(up.tpp.P): P yplug.usp) 20,0, (p)20, Pp(up.p)20, £(p)20}

@’y g(up,up) 20 represents the non-overlapping constraint (3) for triangles A and
B(u B) ;
@Z(p) > 0 represents the containment constraint (4) for A and Qo ;

dDZ(u g-P) =0 describes the containment constraint (4) for B(ug) and Q" ;

f(P) =20 means auxiliary conditions for variable sizes of the container Q(p).

The variables used in the optimization problem are as follows:
u=(p,ug,ug)= (X1, V1,0, t15--» Xg> Y6, O6- L6 U U sg)€ RC is a vector of

variables, c=4m+3+2=24+5=29 is the number of variables;

p=(x;,y1,6;.1,....,Xg, Y. 0. tg) 15 a vector of variable metrical characteristics of the

container Q;

ug =(xp,yp,0p) 1s a vector of variable placement parameters of triangle B(up);

uUag =(Pap,¥ap) 1s the vector of the auxiliary variables in the quasi phi-function

Pyplp.upp);
the feasible region W’ is described by the system of 42 inequalities with smooth

functions.
6 COMPUTATIONAL RESULTS

In this section numerical examples are presented. The problem instances 1-6 were
solved to optimality by the global NLP solver BARON (Khajavirad 2018, Sahinidis
2019, Tawarmalani 2005). These experiments were run on a 64 bit machine with an
Intel(R) Core(TM) 17 CPU 2.8 GHz, 16 GB, RAM, Windows 7. Numerical results for
larger instances 7, 8 were obtained by the non-commercial local NLP solver IPOPT

(https://github.com/coin-or/Ipopt) developed in (Wichter, A., Biegler, L.T., 2006).



Default options were used for running this software. These experiments were run on an
AMD FX(tm)-6100, 3.30 GHz computer, Programming Language C++, Windows 7.
The CPU time limit for running BARON in examples 1-6 was set to 48 hours, while for

running IPOPT in examples 7 and 8 the time limit was 12 min.
For each problem instance m*(m* <m) denotes the number of vertices (sides) in the

minimal perimeter container . Note, that the inequality m" <m can be strict since by

optimization some vertices may coinside and the length of the corresponding side can

be zero. The value of the minimal perimeter is denoted by F "

6.1 Examples for the phi-function model
Example 1. Two triangles given by their vertices are considered: triangle 1 = {(0, 0)
(14, 0) (10, -5)}, triangle 2 = {(0, 0) (8, 0) (6, 4)}. For m =6 (the total number of
vertices in 2 triangles) the minimum perimeter convex hull with
F"=33.707980000000 and m" = 4 was found by BARON.

Figure 4 shows the configuration for the two triangles that corresponds to the global

solution .

Fig. 4 The minimum perimeter convex hull for the two triangles

Example 2. Two objects, triangle and quadrangle are considered given by their vertices:
triangle ={(0, 0) (8, 0) (6, 4)}, quadrangle ={(0, 0) (7.5, 0) (2,4) (-5,5)}. For m=7
(the total number of vertices in triangle and quadrangle) the minimum perimeter convex
hull with F* =31.8680963110139 and m" =4 was found by BARON. Figure 5

shows the configuration for the triangle and the quadrangle that corresponds to the

global solution .



Fig. 5 The minimum perimeter convex hull for triangle and quadrangle

Example 3. Two equal pentagons are considered given by the vertices: pentagon 1
:{(1, 0)’ (_1’ 0), (_9, 1)’ (O’ 10)’ (9’ 1)}, Pentagon 2 :{(1’ 0), (_1, 0)’ (_9’ 1)’ (0’ 10),
(9, 1)}. For m=10 (the total number of vertices in 2 pentagons) the minimum
perimeter convex hull with F~ =54.911688000000 and m" =6 was found by
BARON.

Figure 6 shows the configuration for the two pentagons that corresponds to the global

solution .

Fig. 6 The minimum perimeter convex hull for two pentagons

Example 4. Three triangles are considered given by their vertices: triangle 1 ={(0, 0)
4, 3) (3, 0)}, triangle 2 ={(0, 0) (4, -3) (3, 0)}, triangle 3 = {(0, 0) (1, -3) (1, 3)}. For
m =9 (the total number of vertices in 3 triangles) the minimum perimeter convex hull
with F~ =15.1790222006124 and m" =5 was found by BARON.

Figure 7 shows the configuration for two pentagons that corresponds to the global

solution .



Fig. 7 The minimum perimeter convex hull for three triangles

Example 5. Four quadrangles are considered given by their vertices: quadrangle 1 ={(0,
0) (0,4) (2,4) (5,0)}, quadrangle 2 ={(0, 0) (0,4) (2, 4) (5, 0)}, quadrangle 3 = {(0,

0) (0, -4) (2,-4) (5, 0)}, quadrangle 4 ={(0, 0) (0, -4) (2,-4) (5, 0)}. For m =16 (the total
number of vertices in 4 quadrangles) the minimum perimeter convex hull with

F* =28.000000000000 and m" =6 was found by BARON. Figure 8 shows the

configuration for four quadrangles that corresponds to the global solution.

Fig. 8 The minimum perimeter convex hull for four quadrangles

Example 6. Six equal triangles are considered given by the vertices: {(0, 0) (0, 4)

(2,4)} . For m=18 (the total number of vertices in 6 triangles) the minimum perimeter

convex polygonal container with F ©=19.416375209619 and m =6 was found by

BARON. Figure 9 shows the optimal configuration for six triangles.



Fig. 9 The optimized perimeter polygonal container for six triangles

6.2 Examples for the quasi phi-function model
Example 7. Ten regular pentagons inscribed in circles of the given radii are considered.

The corresponding radii for the pentagons 1,2 are r; =r, =4, for pentagons 3, 4:
ry =1, =3, for pentagons 5, 6, 7: r5 =r1g =r; =2, for pentagons 8, 9, 10:
rg =19 =rjg=1.For m=12 the locally minimal perimeter convex polygonal container

with F*=49.2339 and m" =8 was found by IPOPT. Figure 10 shows the

configuration for ten pentagons that corresponds to the local optimal solution.

Fig. 10 The optimized perimeter polygonal container for ten pentagons

Example 8. Twenty five convex polygons are considered given by their vertices: 13
equal trapezoids = {(0, 0) (8, 0) (14, 7) (14, 15)} and 12 equal triangles = {(0, 0) (11,

0) (14, 11)}. For m =20 the locally minimal perimeter convex polygonal container



with F~ =166.6851 and m" =12 was found by IPOPT. Figure 11 shows the

configuration for ten pentagons that corresponds to the local optimal solution.

Fig. 11 The optimized perimeter polygonal container for 25 convex polygons

7 CONCLUSIONS AND OUTLOOK

In this paper packing convex polygons in a minimal perimeter convex polygonal
container has been considered. The phi-functions approach has been used to state non-
overlapping and containment conditions and form the corresponding nonlinear
programming problem.

An interesting direction for the future research is the generalization of the proposed
approach for packing in a minimum-area convex polygon. In this case convexity
conditions for the container should be stated explicitly in the model since they do not
follow from the optimality (as in the minimal perimeter problem). Also, balancing and
other equilibrium constraints (Wischer 2007; Grebennik 2018; Gimenez-Palacios 2020)
can be taken into account. Additional shape constraints for the container may also be
imposed. For example, if the vertices of the container are considered as locations for
transmitting antennas, then the maximal distance between the vertices may be bounded
to assure the quality of the signal reception. The costs related to the vertices may also be

introduced. Results in this direction are on the way.



Packing freely translated and rotated ellipses in an optimized convex polygon of a given
shape was considered, e.g., in (Kampas 2019, 2020; Pankratov 2019, 2020). It is
interesting to generalize their approach for constructing a minimum perimeter/area
convex m-gon.

Packing two non-convex objects (bounded by circular lines and/or line segments) in a
minimum perimeter/area convex polygon was considered in (Bennel 2015). Layout of
non-convex polygons (Jones 2013; Stoyan 2017), or irregular 3D polyhedra (Stoyan
20179), or ellipsoids (Romanova 2020) in a minimal convex polygonal container is the
other promising research direction (see also Araujo 2019; Bennell 2008, 2009; Fasano
2014; Leao 2020; Warade 2020 and the references therein).

The approach proposed in this paper for packing polygons in a minimum-perimeter
container requires solution of a non-convex mathematical programming problem. In this
paper for some small problem instances global solutions have been obtained by the
commercial solver BARON, while for medium-sized instances local optima have been
calculated by freely available solver IPOPT in a reasonable computation time. To solve
larger instances special techniques can be applied, such as decomposition (Litvinchev

2010) or aggregation (Litvinchev 1999). Some results in this direction are on the way.

Acknowledges
This research is partially supported by National Research Foundation of Ukraine
(grant No. 2020.02/0128)

REFERENCES

Ahn H.K., Cheong O., Aligning Two Convex Figures to Minimize Area or Perimeter,
Algorithmica (2012) 62:464—479, doi.org/10.1007/s00453-010-9466-1

Alt H., de Berg M., Knauer C. (2015) Approximating Minimum-Area Rectangular and
Convex Containers for Packing Convex Polygons. In: Bansal N., Finocchi 1. (eds)
Algorithms - ESA 2015. Lecture Notes in Computer Science, vol 9294. Springer,
Berlin, Heidelberg, doi.org/10.1007/978-3-662-48350-3_3

Aratjo, L. J. P; Ozcan, E.; Atkin, J. A. D.; Baumers, M. Analysis of irregular three-
dimensional packing problems in additive manufacturing: a new taxonomy and dataset.
International Journal of Production Research, 2019, 57(18), 5920-5934,
doi.org/10.1080/00207543.2018.1534016

Avis, D., Bremner, D., Seidel, R. (1997), How good are convex hull algorithms?,
Computational ~Geometry: Theory and Applications, 7 (5-6): 265-301,
doi.org/10.1016/S0925-7721(96)00023-5



Bennell, J.A., Oliveira, J.F. The geometry of nesting problems: A tutorial. European
Journal of Operational Research 2008, 184 (2), 397415,
doi.org/10.1016/j.ejor.2006.11.038

Bennell, J.A., Oliveira, J.F. A tutorial in irregular shape packing problems. Journal of
the Operational Research Society 2009, 60 (1), 93—-105, doi.org/10.1057/jors.2008.169

Bennell J., Scheithauer G., Stoyan Y., Romanova T., Pankratov A., Optimal clustering
of a pair of irregular objects, Journal of Global Optimization 61 (3), 497-524,
doi.org/10.1007/s10898-014-0192-0

Chernov N., Stoyan Yu, Romanova T. Mathematical model and efficient algorithms for
object packing problem. Computational Geometry: Theory and Applications, vol. 43:5,
2010, 535-553, doi.org/10.1016/j.comgeo.2009.12.003

De Berg, Mark; Cheong, Otfried; Van Kreveld, Marc; Overmars, Mark (2008).
Computational Geometry Algorithms and Applications. Berlin: Springer. 2-14,
doi-10.1007/978-3-540-77974-2

Dumonteil E., Majumdar S.N., Rosso A., Zoia A., Spatial extent of an outbreak in
animal epidemics, Proceedings of the National Academy of Sciences of the United
States of America, 110 (11) 4239-4244, 2013; https://doi.org/10.1073/pnas.1213237110

Fasano G. (2014) Non-standard Packing Problems: A Modelling-Based Approach. In:
Solving Non-standard Packing Problems by Global Optimization and Heuristics.
SpringerBriefs in Optimization. Springer, Cham, doi.org/10.1007/978-3-319-05005-8_1

Gimenez-Palacios, 1., Alonso, M.T., Alvarez-Valdes, R., Parrefio F. Logistic constraints
in container loading problems: the impact of complete shipment conditions. TOP 2020.
doi.org/10.1007/s11750-020-00577-8

Grebennik, I.V., Kovalenko, A.A., Romanova, T.E., Urniaieva, I.A., Shekhovtsov, S.B.,
Combinatorial Configurations in Balance Layout Optimization Problems, Cybernetics
and Systems Analysis, 2018, 54(2), 221-231, doi.org/10.1007/s10559-018-0023-2

Jones, D. R. (2013). A fully general, exact algorithm for nesting irregular shapes.
Journal of Global Optimization, 59:367-404, doi.org/10.1007/s10898-013-0129-z

Kallrath, J.: Cutting Circles and Polygons from Area-Minimizing Rectangles. Journal
of Global Optimization 43, 299-328 (2009), doi.org/10.1007/s10898-007-9274-6

Kallrath, J., Frey, M.M., Minimal surface convex hulls of spheres. Vietnam J. Math. 46,
883—913 (2018), doi.org/10.1007/s10013-018-0317-8

Kallrath, J., Frey, M.M.: Packing Circles into Perimeter-Minimizing Convex Hulls.
Journal of Global Optimization 73(4), 723-759 (2019), doi.org/10.1007/s10898-018-
0724-0



Kampas F.J., Pintér J.D., Castillo I. (2017) Optimal Packing of General Ellipses in a
Circle. In: Takd¢ M., Terlaky T. (eds) Modeling and Optimization: Theory and
Applications. MOPTA 2016. Springer Proceedings in Mathematics & Statistics, vol
213. Springer, Cham, doi.org/10.1007/978-3-319-66616-7_2

Kampas F.J., Castillo L., Pintér J.D., Optimized ellipse packings in regular polygons,
Optimization Letters, 2019, 13 (7), 1583-1613, doi.org/10.1007/s11590-019-01423-y

Kampas F.J., Pintér J.D, Castillo I., Packing ovals in optimized regular polygons
Journal of Global Optimization, 77, pages175-196(2020)

Khajavirad, A., N. V. Sahinidis, A hybrid LP/NLP paradigm for global optimization
relaxations, Mathematical Programming Computation, 10, 383-421, 2018. (BARON)

Leao, A. A.S.; Toledo, F. M. B.; Oliveira, J. F.; Carravilla, M. A.; Alvarez-Valdés, R.
Irregular packing problems: a review of mathematical models. European Journal of
Operational Research, 2020, 282(3), 803-822, doi.org/10.1016/j.ejor.2019.04.045

Litvinchev I., Rangel S., Localization of the optimal solution and a posteriori bounds for
aggregation, Computers & Operations research 26 (10-11), 967-988, 1999.

Litvinchev 1., Mata M., Rangel S., Saucedo J., Lagrangian heuristic for a class of the
generalized assignment problems, Computers & Mathematics with Applications 60 (4),
1115-1123, 2010.

Pankratov, A., Romanova, T., Litvinchev, I., Packing ellipses in an optimized convex
polygon, Journal of Global Optimization, 2019, 75(2), 495-522.

Pankratov, A., Romanova, T., Litvinchev, 1., Packing ellipses in an optimized
rectangular container, Wireless Networks, 2020, 26(7), 4869—-4879.

Park D., Bae S.W., Alt H.,, Ahn H.K., Bundling three convex polygons to
minimize area or perimeter, Computational Geometry, 2016, 51, 1-14,
https://doi.org/10.1016/j.comgeo.2015.10.003

Preparata F.P., Shamos M.I.,, Computational Geometry: An Introduction,
Springer, 1985.

Sahinidis N.V. BARON 19.12.7: global optimization of mixed-integer nonlinear
programs, User's manual, 2019.

Scheithauer, G. Introduction to Cutting and Packing Optimization. Problems, Modeling
Approaches, Solution Methods. Springer, 2018, ISBN 978-3-319-64403-5

Stoyan, Y., Pankratov, A., Romanova, G.Fasano, J. Pinter, T., Stoian, Y.E., Chugay, A.
(2019) Optimized Packings in Space Engineering Applications: Part I. In: Fasano G.,
Pintér J. (eds) Modeling and Optimization in Space Engineering. Springer Optimization
and Its Applications, vol 144. 395-437 Springer, Cham, doi.org/10.1007/978-3-030-
10501-3_15



Stoyan Y., Pankratov A., Romanova T. (2017) Placement Problems for Irregular
Objects: Mathematical Modeling, Optimization and Applications. In: Butenko S.,
Pardalos P., Shylo V. (eds) Optimization Methods and Applications. Springer
Optimization and Its Applications, vol 130. Springer, Cham, doi.org/10.1007/978-3-
319-68640-0_25

Stoyan, Yu., Pankratov, A., Romanova, T., Quasi-phi-functions and optimal packing of
ellipses, Journal of Global Optimization, 2016, 65(2), 283-307,
doi.org/10.1007/s10898-015-0331-2

Tang K., Wang C.C.L., Chen D.Z., Minimum area convex packing of two convex
polygons, International Journal of Computational Geometry & Applications Vol. 16,
No. 1 (2006) 41-74, doi.org/10.1142/S0218195906001926

Tawarmalani M., Sahinidis N.V. A polyhedral branch-and-cut approach to global
optimization. Mathematical Programming, 2005, 103(2):225-249
(BARON),doi.org/10.1007/s10107-005-0581-8

Thomas H. Cormen, Charles E. Leiserson, Ronald L. Rivest, and Clifford Stein.
Introduction to Algorithms, Second Edition. MIT Press and McGraw-Hill, 2001.
ISBN 0-262-03293-7. Section 33.3: Finding the convex hull, 947-957.

Wiichter, A., Biegler, L.T. On the implementation of an interior-point filter line-search
algorithm for large-scale nonlinear programming, Mathematical Programming, 2006 ,
106, 1, 25-57, doi.org/10.1007/s10107-004-0559-y

Warade, A., Mulay, P., Chaudhari, A. Packing irregular shapes for three-dimensional
printing: a bibliographical study. Int. J. Sci. & Techn. Res. 2020, 9(2), 773-779.

Wiischer, G., HauBlner, H., Schumann, H. An improved typology of cutting and packing
problems, Eur. J. Oper. Res.,2007,183(3):1109-1130,
doi.org/10.1016/j.ejor.2005.12.047

Yagiura, M., Umetani, S., Imahori, S., Cutting and Packing Problems. From the
Perspective of Combinatorial Optimization, Springer, 2021. ISBN 978-4-431-55291-8
Appendix. On an analytical solution for the minimum perimeter convex hull of two
triangles.

For the case of two triangles, we may expect geometrical characteristics of the optimal
layout. Leaving the rigorous proof for our forthcoming paper, we present here these
characteristics in the form of the following conjecture.

Conjecture. The minimal perimeter convex hull for two triangles corresponds to a

layout with two tangent largest sides of the triangles (see Fig. 12)



The motivation for this conjecture is as follows. If the triangles have no common points
(totally separated), then we can move one triangle till they are tangent thus reducing the
perimeter. Suppose that there is only one tangent point (a vertex of the triangle). Then
we can rotate the corresponding triangle around its tangent vertex till the triangles have
tangent sides and thus reducing the perimeter. Finally, among all layouts with tangent
sides, the case of tangent largest sides corresponds to the minimal perimeter convex hull
by the triangle inequality. The rigorous proof of this conjecture is on the way.

Suppose that we have two triangles with their largest tangent sides. Then to get a layout
with minimum perimeter convex hull we must define the position of the vertex of one
triangle on the tangent side of another (see Figure 12). This can be done as follows.

Consider two triangles with vertices A;, B;, and C;, sides a;, b;, and c;, and internal
angles o;, B;, and vy;, i =1,2. The naming is such, that ¢; = A;B; is the largest side of
the triangle 1 and that ¢; is greater than or equal to the largest side of the triangle 2.
Therefore, A; and B are vertices of the convex hull polygon P.

Triangle 1 is placed such that its vertex A; is in the origin of the x —y -coordinate
system, B; is at (¢,0) , and Cj is in the fourth quadrant with at (x;, y;) with x; >0
and y; <0. Cj is another vertex of the convex hull polygon P.

If we place triangle 2 such that A, and B, are on the positive axis with 0<x,4 <c

and 0<x,p<c, then C, at (x,,y,) completes the system of vertices of P (Figure

12).



Fig. 12 The minimum perimeter convex hull of two tangent triangles

The y, -coordinate follows from the triangle itself; it is just its height, i.e.,

. b22+c%—a%
y2 =bysina,, 0y =arccos —=———=—=,
2b2C2
where (VXZA’V)’ZA):(O’O)’ (vsz’vMB) and (VXZC’VYZC) are the intrinsic

vertex coordinates of triangle 2.

As

Xop =Xppa tC,

and

Xoc =Xp =Xpp +b2 COS Oy,

the convex hull perimeter £ = £(P) depends only on one variable x=x,4:

l=a;+b +\/(x+b2 cos a2)2 +y§ +\/(c1 —(x+b,y cos ocz))2 +y§.

The contributions a; and b; are constant and can be computed a priori — for

this arrangement of the two triangles. Other arrangements — in which the two

triangles have one touching line — follow by permutations and can be evaluated



similarly.

For simplification, let us introduce

M:X+b2COSQ2 y v=a1+b1

and follow up with

l(u):v+\/u2+y% +\/(c1—u)2+y%.

Now we consider [’(u) and [”(x) to find the local minium u:

u c1—u
I'(u)= - L
3 +u? 3 +(e-w)’
and
2 2
() = 1 N 1 3 u 3 (cy—u) .
\/2 2 \/2 2 3 3
u-+y; s +(cqp—u)

W +y)2 (Y3 +(c;—u)?)2

c . . , . .
For us« = ?1 the first derivative ["(u#+) vanishes. The second derivative takes

the value

2
c
P 1 (ZJ 2y3
F(u)y=2 - >0

. . .. . .. Cl
which is always positive, i.e., we have a local minimum at u« = ? , Or

2 2 2
c ¢ by+cy—a

x:—l—bzcosazz—l—M.
2 2 2¢y



